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Mathematical relationships based on material balance and rate equations have been
derived for the study of ion exchange kinetics in a fixed-bed operation. Numerical tech-
niques for the solution of the systems possessing equilibrium relationships of the Freundlich-
adsorption isotherm type have been developed, and numerical results have been obtained
with the use of a digital computer. The resulting numerical solutions have been found to
be dependent on parameters involving time, position, and the relative resistances of the
liquid and resin phases. The numerical solutions are presented in both tabular and graph-

ical forms.

Ion exchange operations are becoming
increasingly important and find con-
siderable utility in processes’ associated
with the removal of undesirable con-
stituents or the concentration and re-
covery of valuable components present
in trace amounts in solutions. The
design of equipment capable of per-
forming a specific separation depends
primarily on the prediction of the con-
centration history of effluent solutions.

The work of Du Domaine, Swain, and
Hougen (3) presents results which make
possible the prediction of the performance
of the softening of water through a
zeolite bed. Their mathematical analysis
has been based on a particular rate-
controlling step and therefore proves
valuable for the solution of problems
limited to this type of mechanism.
Hougen and Dodge (8) studied the dry-
ing of air through a bed of silica gel.
A more general case was presented later
by Thomas (I12), who considered a
second-order reversible reaction as the
rate-controlling step. Subsequent work
by Hiester and Vermeulen (6) has shown
that a certain type of adsorption mecha-
nism can be considered equivalent to that
of a second-order chemical reaction.
Boyd, Meyers, and Adamson (7, 2) con-
sidered the rate-controlling mechanism to
be the diffusion through the liquid film.
Similar work has been carried out by
Hagerty (4), assuming a Freundlich as
well as a Langmuir equilibrium relation-
ship. Later studies by Lapidus and
Amundson (9) deal with the significance
of longitudinal diffusion for the case of a
first-order reaction. Perhaps the most
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rigorous treatment is presented by Rosen
(11), who considers the resistances of
both the liquid and solid phases for
systems exhibiting a simple, linear equi-
librium relationship.

Since the work of Rosen presents a
rather restricted equilibrium relation-
ship, the object of this investigation is
to solve the general case for which the
equilibrium relationship is of a nonlinear
nature. Analytical solutions for this type
of problem are quite improbable, and
consequently numerical methods have
been used. The numerical results to this
problem have been made possible through
the use of the Univac 1103 and are
presented in both tabular and graphical
forms.

DEVELOPMENT OF MATHEMATICAL EQUATIONS

The most common ion exchange opera-
tion involves the removal of a solute
from a solution on solid resins. For a
flow system this is accomplished by
passing the solution through a bed of
resin particles. During the operation the
solute is continuously removed until the
resin phase reaches equilibrium with the
influent stream. For this process the
kinetic behavior is determined by the
rate-controlling mechanism. Three com-
monly encountered mechanisms are (1)
transfer of solute from solution to resin
surface, (2) adsorption of solute at solid
surface, and (3) diffusion of adsorbed
solute through the resin. Any possible
combination of these mechanisms defines
the kinetic behavior of the system. In
cases when the adsorption step is rapid
in comparison with the other steps, it
can be disregarded in the subsequent
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kinetic treatment. Under these condition
the kinetics will be controlled by the
combination of steps (1) and (3). The
transfer of mass across the liquid film
and consequent diffusion within the
particle are affected by the existence of
concentration gradients in the liquid and
solid phases. The physical picture is
presented diagrammatically in Figure 1.

The following assumptions have been
made in this investigation: (1) constant
liquid-film resistance during operation,
(2) constant diffusion coefficient of
solute through resin, (3) insignificant
longitudinal diffusion, (4) presence of
only lipear flow through resin bed,
(5) uniform bed porosity, (6) no radial
variation of concentration in liquid and
solid phases, and (7) perfect spherical
particles of uniform size. With these
assumptions the equation of continuity
can be written as

uC df — u[C’ + Edz] d
9z

_ 9 _oC
7t pdzdi = atgodzdt

udC | oC
@ 0z at

_rp9q
o0t oy

The rate equation considered from the
liquid side can be expressed as

R N

3t )
The adsorption of the solute on the
resin establishes a concentration gradient
which in turn causes the diffusion of the
solute toward the center. Consequently
the concentration of solute will vary
radially inside the particle. The following
expressions will relate g;, q,, and ¢:

b
q(t, 2) = g’—g f ot 2z, dr  (3)
0

qa(t) 2) = Qi(t; z, b) (4)

At the beginning of the operation
G, ¢, and ¢ are zero and eventually

Page 373



become identical when the particle
reaches equilibrium with the influent
solution. When this condition prevails,
diffusion into the particle ceases.

It is obvious the g; should be a solution
of the following diffusion equation:

%(g— = DV, = % [rz %%] (5)
with the following initial condition:
g=0 for 220
0<r<b when t< (p/u)z

where the quantity (¢/w)z represents
the time required for the liquid front to
reach a particular position in the bed,
and the following boundary condition:

g: = q.2,0) when r =19

The solution of Equation (5) together
with its initial and boundary conditions
can be obtained by Duhamel’s principle

G
= [ atn ;- He,

where

T — A) d\ (6)

The function H(r, 7) is the solution of
Equations (5) when the surface concen-
tration is unity. For + > 0, H(r, 7) can
be represented by

Hr,7)=1-2
2 (=D gD E/b T Sin"_” r (M
n=l @T b
b
Differentiating Equation (7) with

respect to 7 and substituting into Equa-
tion (6) one obtains ¢; by integration.
This expression is then substituted into

Equation (3) to obtain
6D
gz, n) = 77

(8)
f Qx(z )\) e—D(mr/b)*(r A) d}\

n=1

When one differentiates Equation (8)
with Leibnitz’s rule and integrates by
parts,

a
Py Q(Z; 7') = 737
3r b ©)

f aq, TN CE SN
n=1

Equations (1), (2), and (9) describe
the situations existing in the column, the
liquid phase, and the resin phase respec-
tively. An additional equation relating
the physical picture at the liquid-solid
interface is required for the complete
description of this problem.
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Fig. 1. Concentration gradients around and
within a resin particle.

A logical assumption is to consider
the existence of equilibrium condition at
the interface. For the majority of cases
experimental evidence indicates that a
Freundlich type of adsorption isotherm
could be used to approximate the equili-
brium relationship

= AC/S 10)

With this stipulation and the trans-
formation & = (p/u)z the fixed-bed
operation can be described in terms of
the following four equations:

ag + (1
a9 _ o
5, = llC = C] 2
6D
3, q(z T =
9

T 8G: _Dimrsnyrr-n .d
. A
,Zl o on°

= AC," (10)
where £ = (p/u)z and 7 = ¢t — (p/u)z

and the following initial and boundary
conditions exist:

0=01
g=20
for £2>0, r<0
C,=0
. =0
C=C, at £=0, >0

ADAPTATION OF EQUATIONS FOR
NUMERICAL TREATMENT

Equations (1), (2), (9), and (10) con-
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tain the four unknown quantities, ¢, ¢,
C, and C;, the most pertinent being .

By a process of elimination and sub-
stitution a single integral-differential
equation containing C alone can be
developed to be

aC _ 6D
Fr S

) T 1 a-1
R C - BT

aC _(9_0 ~D(nw/b)% (r=N)
L+ o) »

The solution of Equation (11) is the
answer to the problem sought in this
investigation. However an analytical
solution is not available except for the
special case ¢ = 1, which corresponds
to the linear system. In view of this
situation, numerical methods must be
utilized to obtain the corresponding
solutions.

To facilitate the subsequent caleula-
tions, it becomes necessary to approxi-
mate the infinite series (18), which
appears under the integral sign of Equa-
tion (9) with the following closed-form
expression:

>
nt (12)
b 1

N ovaDio—n 2

For the simplification of the numerical
calculations the following transformations
have been introduced:

C[ Cb%k, I“-“
=G [47rqmax1) (13)

_ q CO%]a/l—a
.8 N qmax [47rqmaxD (14)

—D(ru/b)2(T—X\)

47D 47D
a——’g§—7— ’gz [t—i’:—iz] (16)
and
Qmax = ACO“ (17)

Substituting Equations (13,) (14), (15),
and (16) into Equations (1), (2), (9), and
(10), one gets

da | 98 _
oz 4+ 3 = 0 (18)
0
e e a—a) (19)
a8 _ 3 [’aB.
o 2r Jo O (20)

.[__L__l o
Ve —Aa 2
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B, =a @1

with the following initial and boundary
conditions:

a =0

@ =0 x>0, <0
B=0

B, =0
a=a at x =0, 320

Approximate solutions of differential
equations can be obtained by evaluating
the derivatives and integrating numeri-
cally by means of the resulting difference
equation. To formulate the corresponding
difference equations for Equations (18),
(19), (20), and (21) a net of mesh-widths
of Az and A¢ is established. When the
subscript ¢ is used for z and superseript
j ford,

ai+1i - Olii _ _Bii+1 _ Bii
Az B AS (22)
Bijﬂ - Bij _ i i
S = q; o, (23)
5'”1 _ B‘j 3 (F+1)AD 0B, .
[t 1]a
VGi+1Das—-x 2
Bsii = (aﬂii)a (25)

There are numerous ways to ap-
proximate these derivatives. It is more
logical to approximate dy/dx by
Wier — Yi—1)/2Az. However for this
particular case a reiterative type of
calculation has to be used if the deriva-
tives are to be approximated in this
manner. This procedure would complicate
the numerical calculations, and for this
reason approximations as expressed in
Equations (22) and (23) are used.

Combining Equations (22) and (23)
one gets

a,,;.,,]i - ai:’. = (a”i - aii) Ax

or (26)
ai—Hi = aii + (ah‘i - aij) A.'E

The integral of Equation (24) can be
rewritten as

f(i+1)A0—(w—“
o 5N
1 1
'[\/(j—k D Ad — N 2]00\
SN ELAR
= (Ey‘)i (2V'a9) @)
VG+D —k
- V(G+1 - &+ D]

i +1
- %ﬁail
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When one makes the approximation
that

(66.?)'”% LB =B
o/ T AS

Equation (27) becomes
f(i+1)A0 ( 38, )
0 N/

1 1
'[v(j+1) Az?—-—)\_é]d)\
- ; (Bsi +A; Ba,j)(z\/z;” (28)
IVGE+D -k~ Vi— k]

i+1
- %ﬁsi]

When one rearranges the
series, Equation (28) becomes

kao (Bs¢k+1 - Bs;k>
VG =k = Vi g9,
= 8"+ Z 8. VT = = 2)

—2Vji— (k-1 + Vji—kl

The substitution of Equation (29) into
Equation (28) produces

f(in)u 8.,
0 I

[ 1 _1] i

VGi+DAas—x 2

-2 w2
Vs ' VA8

Z B.NVG =k = 2)

—2Vi— (k-1
+ Vi— k] — 38"

Substituting Equation (30) into Equa-
tion (24) one obtains

Bifﬂ - Bii _ i+l
AY = B

infinite

(30)

3 3 3
'<N@‘4r>+m@
BV = G- D
—2Vii— (k-1 + Vi—Fk

The combination of Equation (31) with
Equation (23) yields

@31

*Tabular material has been deposited as docu-
ment No. 5976 with the American Documentation
Institute, Photoduplication Serviee, Library of
Congress, Washington 25, D. C., and may be ob-
tained for $1.25 for photoprints or 35-mm. microfilm.
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ﬁu“] = Cl[(aii -

aa.‘j)

+0 YK st

1 ( 3 _ i)
C] Tm 4:7!'
3
TV AY

Ce

and
K:‘—(k—l) = - \/] - (k - 2)
+2Vi-G -1 - Vi—k

Equations (32), (26), and (25), together
with the proper initial and boundary
conditions, constitute the basis for the
following numerical calculations:

Beiiﬂ = Cl[(aii - a8fj)

+C S Kt
i = + (o, — ;') Ax (26)
B, = a,’ (25)

-

a; =0 at £2>0, <0
Bs=0J

a=a, at z =20, 4 >0

In accordance with the definition of «,
it can be shown that the ratio of the
effluent to the influent concentrations
C/Cyis the same as a/ao. From Equations
(32), (26), and (25) it is obvious that
for particular values of @, « is a funetion
of z,d, and «,. The procedure for numeri-
cal calculations is summarized as follows:

(1) B, and e, are calculated along the
daxisforj= 1, 2, 8, - - - n with Equations
(32) and (25).

(2) With the information obtained
from step 1, values of e forz = (1 + DAz
and § = 1, 2, 3, -+ n can be computed
through the use of Equation (26).

(3) Values of 8, and «, are succesively
computed by repeating step 1 for z =
G+ DAzandj=1,2,83--- a

(4) Step 2 is repeated. Values of «
are found for x = (¢ + 1)Az and j =
1,2,3--- n.

By repeating this procedure, values
of a corresponding to particular values
of @ and a, any value of z and ¢ can be
computed.

SELECTION OF INCREMENTS Ax and Ad

The accuracy of the numerical cal-
culations is obviously dependent on the
magnitude of the increments Az and
Ad. The smaller the size of the increments,
the more accurate will be the results.
However more calculations will be needed
to find the value of « for a definite value
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of z and ¢. Consequently the selection TaBLE 1. NuMERICAL VALUES OF CONCENTRATION RATIOS FOR SystEMs HAVING

of these increments becomes a com- Nonuinear EqQuiLierium RELATIONSHIPS
promise of these opposing factors. =1 da =1
When Equation (26) and the physical for aq 000 and a = 34
situation that & > 0 are considered, the Cob%k, Ve 4z D
: = ; e p L8 @
maximum value of Az becomes where ap = Erém_“'lg y Gmax = ACS, 2 =1, I zand ¢ = e t— u z
a’ — oy : 8 X 21 o1 c 8 X 2
Az < - +} < - o - (33) X C/Co ¢ X /Cy X 2 C/Cy
;. T A, O T O z =1 z =3 z=25
1 0.62267 1 0.06727 11 0.00203
The value of A4 has to meet the 11 0.71875 11 0.21612 21 0.02529
physical reality imposed on this problem. 21 0. 76662 21 0.32565 41 0.13709
The critgrion is developed as follows. 11 0.81761 41 0.45978 61 0.24319
Equation (32) will be considered: 81 0.86430 81 0.59273 81 0.32380
. . . 161 0.90261 161 0.70603 161 0.50633
B = Oyl — a,,?) 321 0.93196 321 0.79419 321 0.65343
) 641 0.95359 641 0.85952 641 0.76340
z 821 0.95978 821 0.87824 821 0.79494
+ C2 E Kj—(k—l)ﬂuk]
k=1 Tz =7 r=9 x =11
§ =0 d i=0 41 0.00128 81 0.00040 161 0.00495
or =10 and j = 61 0.02632 101 0.00777 181 0.01919
¢ [ o _ ° 81 0.08579 141 0.07297 221 0.07256
Be = Cilao G, ] 121 0.21088 201 0.19618 301 0.18964
but as ® = 0, and therefore 201 0.37606 361 0.40073 441 0.33496
So ’ 401 0.56465 541 0.51975 581 0.42895
1 Y o 821 0.70959 821 0.62199 821 0.53202
Bs, = (/1040 = Claﬂ
z = 13 r =17 z =21
However 221 0.00100 421 0.00189 701 0.00747
. 241 0.00547 441 0.00567 721 0.01316
Bei' < Brax = (Omax)” = 0® 281 0.03330 481 0.02251 741 0.02049
341 0.10076 541 0.06338 761 0.02914
Therefore 441 0.20684 601 0.10859 781 0.03873
601 0.32963 701 0.17823 801 0.04886
Ciy < ap” 821 0.43964 821 (0.24837 821 0.05957
or See footnote page 375
1
(;1 < ”‘"‘:"E m m— m— m m m
! aol Bs; = C11 [(ai b — Qg l) ﬁsi = Cl[(ai ™ Uy )
Since by definition - Cz(Klﬁa.-m—l + Kzﬂssm_z - CQ(KlBs;m + K2ﬁa.»m_l
el TV F o 4 KB + o+ K]
3 3 3
W\/Aﬂ 4r
for small values of Ad.
This gives o T
— 0sf= =
VA9 ol pdrar:
—g < 1= o3 ALV
° o [V
2 H 7
or P / /
Ol 7 T 11
N1\ ol 00 ¥ FHHH
Ad <\~ =2 £ ooet / i 1
T/ \Qg & ooal / 1T
. 003} / o 1]
Tor example if @ = £ and ao = 1,000 g 002 JIGI®
2 ooz T
s < (k) - 1 i
x/ \1,000/ — 1,097 S oooce F Semaa
0008} f THH
Another stipulation required by the aomL /’ 1’ l[ f
physical condition of the system is that 0003 / [
the numerical value of B, has to be equal 0002 chi Tisn ang Gearge Mod
to, or greater than, its preceding value, o00nL__Erinsen. inas |
or that 2 34 6810 20 40 60 100 200 400 000
Timea Modulus, 3x2”:81929
BS ‘yu+1 Z BS 'm 2,3 » . .
* : Fig. 2. Concentration- position-time relationship for the
or C,bik, |t1—a
case oo = 1,000 and @ = %: o = [‘E—;—m;fl—) ’

ﬂs.‘m+1 - )8nm 2 0

Qmax = AC? x = klfz!and0 =4WD[1— ‘fz:].
u be u

and
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TABLE 2.

where o,

& X 2°

161
181
201
301
441
641
821

NUMERICAL VALUES OF CONCENTRATION RATIOS FOR SystEMs HAVING
Nonrinear EqQuitiBrrium RELATIONSHIPS

forap = 100 and ¢ = 14

2 1/1-a
[M] s Qoax = ACO",x=k,£z and0=47rD [t—gz]

4T Qoo D b*
C/Cy & X 29 C/Cy g X 2° C/Cy
=1 r =3 z =35
0.71036 1 0.20214 1 0.00117
0.79039 11 (.38638 11 0.05975
0.85409 31 0.56013 21 0.17182
0.89398 61 0.67657 41 0.34332
0.91968 101 0.75359 101 0.57882
0.96151 301 0.88095 301 0.79496
0.97524 501 0.92307 501 0.86697
0.98578 821 0.95544 821 0.92233
=7 r=29 z = 11
0.00365 41 0.00057 71 0.00037
0.03598 51 0.00854 81 0.00421
0.09736 61 0.03482 101 0.04252
0.22279 81 0.12105 141 0.17521
0.39524 121 0.27982 201 0.33414
0.70290 301 0.60425 361 0.56462
0.80654 501 0.74140 601 0.72384
0.88621 821 0.84686 821 0.80407
=15 z =21 T =29
0.00200 321 0.00125 621 0.01138
0.01854 341 0.00905 641 0.02632
0.05496 361 0.02792 661 0.04601
0.26564 401 0.08565 681 0.06821
0.45686 501 0.23354 701 0.09144
0.61635 701 0.44291 761 0.16076
0.70732 821 0.53073 821 0.22512

See footnote page 375.

This gives the following inequality:
_(a“m - a“m—l) + (aim - aim—l)

+ Cz[Kl(Bum - ﬁum_l)

+ K8,," " — 8.7 + -

+ Km—l(ﬁaiz - ﬁail) + Kmﬂaill Z 0

Therefore
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C,
m m—1
sy, — Q&

>
- KlAm + KZAm—l + e + KmAl

where

Am = 63{”” - 6-!.”"_1
Am—l = B“m—l - B“m‘z
and
y _ 3
2 = 1
m(Ad)?

(as)t <

Hq W

KlAm + K2Am—1 + o + KmAl
* m m—1

&y — Oy,

This requirement would be met, if
2K,
1

i=
- Am m m—1
ks a, AT

w

(a9)} =

since
Am _<_ Am—l S Am—z

If m is a relatively large number

Y K.x1

t=1

and the following condition is obtained:
(a9 < 3 %ﬁ
T oy, Ay (35)
— §ﬁn;m - Bs,’m‘_l_

m m—1
T o, — Oy,

For the case a = % and oo = 1,000
B.=at or a =8/
. = a7 =B~ 6.
= (8." + 8.."NB." — 8.7
‘When one substitutes into Equation (35)

3 1 3
T Bt B S 2npom

3y 1, (3) 1
ad S (21!') 6mux2 B 2m Oimax

-3 2= 3 1w =
2n/ ap 2n/ 1,000 4,410

The latter case is obviously more
stringent. At the beginning it was thought
that this requirement might be too
restrictive. Trial calculations were made
with Ad satisfying the first requirement,
and the results were compared with
those satisfying both requirements. It
was found that these numerical values
agreed for low values of z, however, as
z increased, the resulting values of a

(a)t <
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were found to oscillate, a situation similar
to that reported by O’Brien (10). For
this reason the subsequent caleulations
were restricted to values of Ad, satisfying
Equation (35).

DISCUSSION OF RESULTS

Numerical calculations were carried
out with a digital computer. The coding
was based on Equations (32), (26), and
(25), and computations were made
according to the procedure already out-
lined. Two cases have been worked for
a = %, one for ap = 1,000 and the other
for o = 100. The increments used for
the case ay = 1,000 are AY = 213
and Az = 1, whereas for the second case,
ao = 100, the increments are A¢ = 2-¢
and Az == 1. All these increments satisfy
the requirements of Equations (33) and
(35).

The extent of z, which was to be
reached for ap = 1,000, was limited to
x = 23, whereas for ao = 100, z = 29.
This restriction was due to the limited
storage space on the magnetic core and
drum of the computer. It is possible to
use the magnetic tape of the machine
for additional storage space and thus
make it possible to reach higher values
of z. This however would reduce the
speed of caleulation appreciably. Even
with the present setup the machine
time used for each case was approxi-
mately 3 hr.

Numerieal values of the concentration
ratic C/C; for each case are presented
both in tabular and graphical form for
selected values of z and &. These results
appear in Tables 1 and 2 and Figures 2
and 3 for a = % and the cases a¢ = 1,000
and ao = 100. The accuracy of these
computations is accurate to eight decimal
places for the case of ay = 1,000 and
nine decimal places for ay = 100. The
effect of ap is presented in Figure 4,
where the concentration ratio C/C, is
plotted against the time modulus
& = (4wD)/b*[t — (¢/u)z] corresponding
to the position modulus z = ki(p/w)z.
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Although the results of this study
present solutions for the cases ao = 1,000
and «p = 100, when both the liquid
film resistance and that of diffusion
through the solid are significant, it is
interesting to point out that e = 0
corresponds to the case when the liquid
phase is governing and ao = « for the
corresponding case when diffusion
through the solid controls.

The plots of Figures 2 and 3 can be
used to predict the concentration history
of a fluid subjected to ion exchange
operations provided that the equilibrium
relationship of the system satisfies the
Freundlich-adsorption isotherm for the
case a = 1. The effect of @ and ao cannot
be stated exactly from the present com-
putational results. Therefore in the
absence of further computations it is
difficult to state quantitatively that the
effect of the exponent ¢ on the break-
through curve should be generalized
beyond @ = . Further work for different
values of @ is necessary to clarify this
point; this could be conducted by the
use of the same basic equations developed
in this investigation with slight coding
modifications. When results for sufficient
cases have been computed, it is very
likely that these numerical values could
be approximated with some of the known
funetions in terms of the three parameters
and the exponent a. This method has
been shown in the resent work of
Helfferich and Plesset (5).
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NOTATION

@ = exponent in the equilibrium rela-
tionship [Equation (10)]

b = radius of particle, cm.

C = concentration of solution, milli-
equivalents/ce.

Cys = concentration of influent solution,
milliequivalents/ce.

C. = concentration of solution at sur-
face of particle, milliequivalents/
cc.

D = diffusion coefficient in resin phase,
8q. cm./sec.

k;, = mass transfer coefficient for liquid
film, milliequivalents/(sec.)(g. of
dry resin)(miliequivalents/ce.)

g = average concentration in resin,
milliequivalents/g. of dry resin

¢ = point concentration in resin, milli-

equivalents/g. of dry resin

Gmez = concentration in resin phase in
equilibrium with influent solu-
tion, milliequivalents/g. of dry
resin

A.L.Ch.E. Journal

¢. = concentration on resin surface,
miliequivalents/g. of dry resin

t = time, sec.

u = superficial velocity of solution,
em./sec.

z = position parameter, k;(p/u)z

z = bed height, cm.

Greek Letters

a = concentration parameter for liquid

phase,

gl: Cob2]&]l/l—a
Co 47rq,,sz

initial concentration parameter
for liquid phase,

47rQMaZD

Il

concentration parameter for resin
phase [Equation (14)]
time parameter,
[t — (p/w)l

(p/u)z

bulk density of resin, g. of dry
resin/ce.

t— (p/u)z

porosity of bed, external void
volume/total volume, dimension-
less

(4wD/b%)

v W™
[ (|

\]
I

B
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